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Abstract 

We use the canonical description of T-duality as well as the formulation of T-duality 
in terms of chiral currents to investigate the geometric and non-geometric faces of 
closed string backgrounds originating from principal torus bundles with constant H- 
flux. Employing conformal field theory techniques, the non-commutative and non- 
associative structures among generalized coordinates in the so called Q-flux and R- 
flux backgrounds emerge by gauging the Abelian symmetries of an enlarged Rocek- 
Verlinde sigma-model and projecting the associated chiral currents of the enlarged 
theory to the T-dual coset models carrying non-geometric fluxes. 
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1 Introduction 

Flux vacua of closed string theory have been investigated in great detail in recent 
years (for topical reviews, see, for instance, (HIZl)- Various superstring backgrounds 
were brought to light in that context, including examples of geometric as well as non¬ 
geometric spaces. Non-geometry is a relatively new concept in string theory whose 
necessity and importance were unveiled in a series of papers by employing T-duality 
and its coordinate dependent generalizations Il3l- ll^ , but it should also be noted that 
non-geometric string constructions appeared long time ago in conformal field theory 
using free fermions, free bosons and asymmetric orbifolds |l22 | - ll25l . It was found that 
closed strings on non-geometric flux backgrounds have surprising features in that 
they exhibit non-commutativity and non-associativity among the closed string coor¬ 
dinates and their momenta ||26ll27l . These new algebraic structures were investigated 
further in a subsequent series of papers 11281 - 11411 . focusing on the derivation of the 
commutation relations for different string models and their mathematical interpreta¬ 
tion. Independent studies by other authors, following a more mathematical line of 
thought, have also come to the conclusion that non-commutative and non-associative 
tori arise from geometric flux vacua by a sequence of T-dualities ll^l43l . 

Non-geometric backgrounds capture properties of string theory that caimot be for¬ 
mulated in terms of conventional compactifications of supergravity. The prime exam¬ 
ple is provided by the T-dual faces of toroidal flux vacua, known as Q- and f?-flux 
models, but there are also examples of non-geometric spaces that do not have geo¬ 
metric duals Il44ll4^ . However, it remains a challenge to this day how to define and 
explore the properties of non-geometric closed string vacua in all generality and find a 
unifying principle to describe geometry and non-geometry on equal footing. Double 
geometry and double field theory (DFT) seem to be the most prominent candidates 
for encompassing string models and their T-dual faces in a democratic way Il46l - I[68l . 

There are two different classes of non-geometric spaces. The first class are Q- 
spaces, which are locally geometric in that they resemble differentiable manifolds lo¬ 
cally, but they fail to be globally geometric because their gluing conditions involve 
T-duality transformations and not just diffeomorphisms. In that case, departure from 
ordinary geometry is mild and it manifests as non-commutativity of the closed string 
coordinates. The target space still makes good sense as a fibration though the mon- 
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odromy of the fibres, as one goes around the base space, is non-trivial. The second 
class are i^-spaces, which fail to be differentiable manifolds globally as well as locally 
Then, the concept of target space geometry breaks down completely and the string 
coordinates exhibit commutation relations of a non-commutative and non-associative 
algebra. 

It is the aim of the present work to provide an alternative conformal field the¬ 
ory (CFT) derivation of the commutation relations among the closed string coordi¬ 
nates of non-geometric flux vacua, focusing attention to the well known class of three- 
dimensional models with parabolic monodromies, which carry H-, /-, Q- and R-flux 
and they are interrelated by T-dualities. The commutation relations of the closed 
string coordinates of these models have already been derived using the operator ap¬ 
proach Il32l (but see also the computation based on Dirac brackets that was reported 
in ref. |[38l). The approach we take here is entirely based on CFT world-sheet meth¬ 
ods and it complements nicely the previous work on the subject that brought to light 
the non-commutative and non-associative aspects of those flux string models. The 
present paper also extends and refines the CFT computations of ref. BUI], where the 
non-associativity was derived from the structure of CFT scattering amplitudes among 
tachyon vertex operators in the R-flux background. The results of ref. B28l led to 
the introduction of a non-associative tri-product among functions, which was further 
investigated in jjSTl |33l. However, as noted in | |28| . the non-associative structure of 
CFT scattering amplitudes in the R-flux background is only visible when some of the 
tachyon momenta are taken off-shell, whereas on-shell the physical scattering am¬ 
plitudes are associative, as expected in any conformal field theory. This result was 
analyzed further in the context of double field theory ||611, showing, in particular, that 
the non-associative tri-product acts non-trivially on functions of doubled space only 
when the strong DFT constraint is violated. 

In this paper, we compute directly the underlying commutation relations of some 
suitably defined generalized string coordinates of the H-, /-, Q- and R-flux back¬ 
grounds, without making reference to off-shell nor on-shell amplitudes. For this pur¬ 
pose, we start from the ungauged non-linear sigma-model of Rocek and Verlinde B69l . 
which provides the "parent" theory in our framework. It contains chirally conserved 
U{1) world-sheet currents and , which transform in a simple linear way un¬ 
der T-duality transformations. The associated T-dual "child" theories are obtained by 
gauging the associated axial/vector like U{1) symmetries. The U{1) currents and 

are not anymore chirally conserved when they are expressed in terms of the target 
space coordinates of the associated "child" theories, but they still transform linearly 
under T-duality. Actually, as will be seen later in detail, the non-commutative and/or 
non-associative structures that arise in the presence of non-geometric fluxes refer to 
generalized string coordinates which are defined by the world-sheet integrals of 
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the Rocek-Verlinde currents and as = J J^dz and = j J^dz with pre¬ 
scribed integration paths. The generalized coordinates also transform nicely under 
T-duality, mapping the commutative geometry of geometric flux backgrounds to the 
non-commutative geometry of the non-geometric flux backgrounds via T-dualify, as 
it has already been advocated in ref. f27^ . 

It should be noted at this point that the currents and used in this paper are 
refined compared to the choice of currents made in ref. II28I1 . It should also be em¬ 
phasized that the non-commutative and/or non-associative algebras that we are dis¬ 
cussing here do not arise among the sigma-model coordinates of the child theories 
with non-geometric fluxes, buf they rather emerge by projecting the chiral currents 
of the parent theory to the child gauged sigma-models and expressing the general¬ 
ized coordinates as world-sheet integrals of those non-chiral currents. We further 
note that the algebra of currents in the parent Rocek-Verlinde theory is completely 
commutative and associative, unlike the non-trivial commutation relations that can 
emerge in the quotient. All these put on firm basis the existing results for toroidal 
flux models and they also provide the means to explore generalizations to other non¬ 
geometric backgrounds of current interest, including the Q- and R-frames of Wess- 
Zumino-Wiffen models on group manifolds (see, for instance, llT5l[67l[68l ). 

The material of this paper is organized as follows. In section 2, we recall the de¬ 
scription of T-duality as canonical transformation Il70l - lf74n on the coordinates and 
momenta Pj of the world-sheet sigma-model, hereby introducing the notion of dual 
coordinates X^ and dual momenta P^, which, in general, are expressed non-locally in 
terms of the original phase space variables. We also consider the chiral currents of 
the parent Rocek-Verlinde model and combine them with the canonical approach to 
T-duality, hereby expressing those currents in terms of the (dual) coordinates of the 
gauged child theories. The action of T-duality as automorphism of the currents in 
the underlying conformal field theory turns out to be useful for string backgrounds 
without isometries, giving rise to non-geometries. In section 3, we focus on toroidal 
flux models originating from with constant H-flux and explain how T-duality is 
used at work to obtain the geometric and non-geometric faces of closed sfring spaces. 
We also define the generalized coordinates of the parabolic flux backgrounds via 
the projected currents of the parent Rocek-Verlinde theory. In section 4, we confirm 
the emergence of non-commutative and non-associative structures in the commuta¬ 
tion relations of the generalized closed strings coordinates and momenta of the Q-flux 
and R-flux models, respectively, by conformal field theory methods. Finally, in sec¬ 
tion 5, we present our conclusions and discuss some open problems for future work. 
There are also three appendices summarizing the basic definitions and properties of 
the monodromies arising in fibrations over (Appendix A), the salient features 
of the parabolic H- f- Q- and R-flux models, which are detached from the main text 
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(Appendix B), as well as some dilogarithmic integrals, based on the definitions and 
properties of the dilogarithm function found in ref. Il75ll . which are repeatedly used in 
the text for the computation of the commutation relations (Appendix C). 

Certain aspects of the canonical approach to string non-commutativity were also 
discussed recently in ref. Il76l , following a complementary route. There, the mon- 
odromies of toroidal fibrations are not built into the closed string boundary conditions 
a priori, but they rather come out a posteriori. In this sense, there is partial overlap of 
their results with our section 4, but our presentation is more natural for the purposes 
of string theory. Our work also emphasizes for the first time the use of generalized 
string coordinates. 

2 Canonical T-duality and redefined world-sheet currents 

Our starting point is the world-sheet action of a general non-linear sigma-model with 
metric G and anti-symmetric tensor field B couplings that provide the background for 
string propagation. 



( 2 . 1 ) 


The inverse string tension is a' ^ Ig and it can be normalized to 1. The target space 


coordinates are two-dimensional fields labeled by 7 = 1, 2, • • • , d. The action (|2.1|l 


is often used to describe the entire space in which the string propagates, but it can 
also be part of it when it is tensored together with other blocks to maintain conformal 
invariance upon quantization. There is also a dilaton field 0(X) that enters in the 
renormalization group analysis of the sigma-model, but this is suppressed here. 

In this section, we review the T-duality rules of the sigma-model in the presence 
of an isometry in target space llTOll and use them to discuss the general features of 
the commutation relations among the coordinates in the T-dual faces of string back¬ 
grounds. Explicit calculations will be performed in subsequent sections for specific 
models. We focus on the interpretation of T-duality as canonical transformation in the 
phase space of the two-dimensional sigma-model (12.11) HTTl [72l [731 , as well as on the 
axial-vector quotient description of T-dual backgrounds that follows by gauging chi¬ 
ral symmetries |M1- These two approaches are complementary to each, leading to the 
important notion of dual coordinates. The dual coordinates are expressed non-locally 
in terms of the original fields, accounting for non-commutativity/non-associativity in 
the applications that will be considered later. 

Note that the duality rules are applicable to all sigma-models, including, for ex- 
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ample, principal chiral models, irrespective of conformal invariance. However, if the 
original model is conformal, the dual model will also be conformal for appropriate 
choice of the dilaton field. In the latter case, T-duality acts as a solution generating 
symmetry at the fixed points of the renormalization group equations and it is pro¬ 
moted to an exact symmetry of string theory relating two conformal field theories 
with different target space geometries. Further details and applications of target space 
duality in string theory can be found in the report |[74l , and references therein, which 
also discuss the continuous T-duality rules and their discrete variants for general back¬ 
grounds admitting n commuting isometries in terms of 0{n,n) group elements. 

2.1 T-duality as canonical transformation 

Suppose that the background does not depend on the coordinate X^, i.e., d/dX^ is an 
isometry of the world-sheet action in adapted coordinates of target space. The com¬ 
ponents of the corresponding Killing vector field ^ = k^d/dX^ are = (1,0, • • • ,0) 
and k^ = Gjjk^k^ is the length-squared of Setting z = {r + (t)/2 and z = {t — a)/ 2, 
so that 9 = d/dT + d/dcr and 5 = d/dr — d/dcr, the Lagrangian density takes the 


following form 

£ = ^ ((X')" - (X'y) + X'(/i + Ji) - X‘'(/i - Ji) + U , (2.2) 

where 

V = Gn=k^ , (J = ^ {Gij + Bij) dT dX^ (2.3) 

with i and j taking all other values of I and / but 1 and 

/l(z,z) = ^ (Gi, - BiO dr , /i(z,z) = i {Gy + By) dr . (2.4) 

Next, we apply Legendre transformation to the pair of variables (X^,X^). The 
momentum conjugate to the coordinate X^ is 

Pi = VX‘ + h + h (2.5) 


and, hence, the Hamiltonian density (or better to say the Routhian, since the transfor¬ 
mation is performed only with respect to the cyclic coordinate X^ that does not appear 
explicitly in the Lagrangian) is 

n = ^(Plf+ y(X'')2 + ^(h + hf - ^Pl(h + Ji) + X‘'(/i -h)-u. (2.6) 

Let US now perform a canonical transformation (X^,Pi) —)■ (Xi, jP^) generated by the 
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function 


so that 


T = 


(X^X[-X^'Xi)d(r 


2/si 




e = 


(2.7) 


( 2 . 8 ) 


^Xi ' ‘ <5Xi 

We call Xi and the dual coordinate and momentum to X^ and Pi, respectively. 
Then, in terms of the dual variables, the Hamiltonian takes the form 


n = + T(x;) 2 + T(;j + jj) 2 _ ^x[{h + h) + PHh-h)-u. ( 2 . 9 ) 


Varying Pi with respect to P^, we find that the dual velocity and momentum are re¬ 
lated to each other as follows. 


ii = vpi + /i-Ji. 


( 2 . 10 ) 


Finally, we perform the inverse Legendre transformation with respect to (Xi,P^) and 
arrive at the dual Lagrangian 

^ = w ^ ^ ^ + I1) + “' p.n) 

where 

Q=U- |/,/, . (2.12) 

The form of the dual Lagrangian C is identical to the original Lagrangian C pro¬ 
vided that the background fields of the dual non-linear sigma-model with target space 
coordinates (Xi, X') are taken to be 


Gn = 
Blr = 


1 

Gn ' 


^ _ Bii r' — r- Gi)Giy - BifBp 


Gn 


Bij = Bij - 


GuBy — BiiGy 

Gn 


(2.13) 


These are precisely Buscher rules for T-duality with respect to a Killing vector field ^ 
in adapted coordinates IfTOl , which are formulated as canonical transformation in the 
phase space of the two-dimensional non-linear sigma-model Il7ni72l[73l . A more com¬ 
pact way to describe the T-duality transformation along X^ is provided by combining 
the metric and anti-symmetric tensor fields as E/j = G/j + Bjj and letting 






B-iiEij 


(2.14) 
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Conformal invariance of the world-sheet sigma-model also requires that the corre¬ 
sponding dilaton field transforms as = 0 — log V. 

The effect of T-duality can be neatly described by a non-local redefinition of the 
target space coordinate associated to the Killing isometry For this purpose, we write 
down the transformation of the derivatives of the Killing coordinate 

axi = ^(axi - E^dr) , ax^ = -^(aXi + E,,dr) ( 2 . 15 ) 

til Ull 

by combining the canonical transformation (12.81) with the expressions for the momenta 
(12.51) and (12.101) . Substituting the expressions (|2.14|) . we arrive at the integral formula 

Xi(z,z) = J^EndXi + EiidX^)dz' - J^EndXi + Ei,aX')dz' (2.16) 

expressing Xi in terms of the dual background. There is an analogous formula ex¬ 
pressing Xi in terms of the original background, as 

aXi = Eiiax^ + E^ax^', aXi = - (Enax^ + Ei.ax'), ( 2 . 17 ) 

which integrates to 

Xi(z,z) = J^EndX^ + EiidT)dz' - J^EndX^ + Ei,ax*)dz'. (2.18) 

These expressions show that T-duality acts, in general, in a rather complicated non¬ 
local way on the target space coordinates. 

For constant backgrounds, i.e., for a free two-dimensional conformal field theory 
with Eij = Sip the action of T-duality looks very simple. For compactifications on a 
circle, the left- and right-moving coordinates are chiral, 

Xl{z) = dX\z',z')dz', X\{z) = J^dX\z',z')dz' , (2.19) 

and they transform as follows, by specializing equation (12.181) , 

XiL = X[, XiR = -Xi. (2.20) 

Hence, one immediately obtains the well-known T-duality relation among the coordi¬ 
nates X^ and Xi of the two dual models, 

=xl + xl ^ Xi = Xl-Xl. ( 2 . 21 ) 
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In all other cases, one can still introduce variables and by adding and sub¬ 
tracting the integral expressions (I2.16|) and (I2.18|) . thus decomposing the coordinates 
Xi and Xi as 

x'=xt + xy Xi = Xl-Xi. (2.22) 


The effect of T-duality is still summarized by equation (I2.21|l . as for the case of free 
fields. Note, however, that X[ and X^ are not chiral and anti-chiral world-sheet 
functions, in general, because dX^(z,z) and dX^(z,z) are not separately conserved on 
general backgrounds. Although the general case of non-constant background fields 
Ejj(X^) looks much more involved, it can also be understood in terms of appropri¬ 
ately defined chiral currents, as will be seen in the next subsection using a self-dual 
sigma-model. 

If we were considering a canonical transformation with generating function —T, 
flipping the sign of in defining equation (|2.7|l . X\ would be replaced by —X\ and 
Buscher rules would be a variant of equations (12.131) , picking a minus sign in the 
transformation law of Gn and Bn. Then, En and E^ (but not En and En, since X^ 
remains inert) should flip signs in the corresponding expressions (12.161) and (12.181) re¬ 
lating X^ with Xi and T-duality would manifest as Xu = —X^ and Xij^ = X^ instead 
of XjL = X[ and Xij^ = —X^ as a matter of convention. 


2.2 T-duality in terms of chiral currents 


According to Rocek and Verlinde, any pair of dual sigma-models can be represented 
as quotients of it, showing that T-duality transformations act as automorphism on 
the algebra of conformal fields Il69l . The construction is reminiscent of modem day 
double field theory, though here it is taken on the world-sheet, since the master action 
includes the Killing coordinate and its dual counterpart on equal footing. We outline 
the main steps and results that will be used later in the calculations. 


First, let us consider a variant of the two-dimensional non-linear sigma-model 
(|2.H) . which is naturally defined by the action 


s' = ^/ rfzdz (gij(X)+hij(X)) dX'dXi. 


(2.23) 


Here, the target space is {d — 1)-dimensional with coordinates X' instead of X^ = 
(X^,X') that appear in the original action S. The metric gij and the anti-symmetric 
tensor field bjj are not identical to G/y and of the original action, by restricting them 
on the orbits of the Killing vector field ^ = d/dX^, but they will be related to them 
later. 

Next, we enlarge the target space by introducing two additional coordinates X^ 
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and X^, which are a priori unrelated to the Killing coordinate of S, and define a 
new {d + 1)-dimensional "parenf" sigma-model 


Slr = S' + 


Ina' 


dzdz 


dxldxl + axpx^ + 2B(X)dXldXl + 


2Gf (x)arax[ + 2Gf (x)ax'ax 


(2.24) 


whose couplings B(X), GI^(X) and Gf(X) depend only on the d — 1 coordinates X‘. 
With some additional ingredients that will be introduced shortly, X[ and X^ help 
to reconstruct the coordinate X^ and its dual Xi, making T-duality manifest. The 
enlarged action (|2.24|l admits an U{l)i x U{1)r symmetry under dX^ = ai(z) and 
dX^ = (X]i{z) with corresponding currents 

j\z) = axi + B(x)axi + Gf(x)axs 

j\z) = ax^ + B(x)ax[ + Gf(x)ax' (2.25) 


that are chirally conserved on the world-sheet, i.e.. 


dj\z) = 0 = dj\z) . 


(2.26) 


Gauging the symmetry U{l)i x U{1)r completes the construction of the master 
action. It is achieved with the aid of a gauge field with components {A, A) that couple 
to X^, X^ and X' as follows. 


c(±) 

gauged 


Slr + 


1 

Ina.' 


dzdz 


AJ^ ± AJ^ + ^(1 ± B(X))AA 


(2.27) 


The differenf signs correspond fo the two possible ways to gauge the symmetry, em¬ 
ploying either axial or vector gauging, dXj^ = a and dX^ = The resulting gauged 
action (|2.27|) is self-dual in fhaf if encompasses the original non-linear sigma-model S 
and its T-dual S on equal footing. 


Indeed, integrating out the gauge fields, we obtain the original action S for one 
gauging and the dual action S for the other gauging. The resulting d-dimensional 
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dual "child" actions ar( 


S = S' + 


2mx' 

2 


dzdz 




Ll - B 


axMx^ + 


Gf ax^ax' + Gf arax^ 


1 -B“* 

Lr^Rzivi 


Gf ax'ax' + 


1 - B 


1 - B 


/ 


(2.28) 


and 


S = S' + 


1 


2tz(x' 

2 


dzdz 


—^axiaxi - -^Gf axiax' + 
l+B ^ ^ l+B ' ^ 


l + B 


G,^axiax'- G^Gfdrdxi 

' l+B ' 1 


(2.29) 


The identification is exact provided that the Killing coordinates of S and S are chosen 
to be 

X^ = X[ + Xj , Xi = X[ - Xj (2.30) 

and they are required to have the same periodicity. Thus, X[ and X^ reconstruct 
the Killing coordinate and its dual, as in the canonical formulation of T-duality. The 
couplings appearing in the action Slr should also be adjusted as 

Gii = j4|' = P-31) 


and 

— Sij “I 2 — ~ > ^ij — ~^ij 2 — ~ > (2.32) 

hereby expressing B(X), Gf'^(X), gij(X) and bij{X) in terms of the background fields 
G;j(X) and Bjj{X) of the d-dimensional target space associated to the action S. 

With these identifications in mind, we obtain the T-duality rules for the compo¬ 
nents of the metric Gjj and the anti-symmetric tensor field Bjj by comparing the two 
actions S and S, 


Gii — 

Bu = 


1 

9il 

Gii ' 


Gu = 


B 


li 


Gij — Gij — 


GuGij - BiiBij 


Bij = Bij - 


Gii Gn 

GijBiy — BijGp 


Gn 


(2.33) 


which are exactly the transformation rules (12.131) . Looking at the expressions (12.281) , 


'We assume that the world-sheet is topologically trivial to avoid unnecessary complications that 
arise by the presence of a total derivative term dX'dXj — 3Xi5x' in the Lagrangian, which is omitted. 
Of course, higher genera should be employed to establish T-duality as an exact symmetry of theory to 
all orders in string perturbation theory, but they are beyond the scope of the present discussion. 
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(I2.29D and (I2.30I) , it follows that the T-duality rules (I2.33I) can be neatly summarized as 


±Gf'^, Xl^Xl, Xl^ -X^. (2.34) 


An immediate consequence is that the chiral currents (I2.25D transform under duality 
as 

(2.35) 


Thus, T-duality leaves the left-moving current Si (z) invariant and acts by flipping 
the sign of the right-moving current J7i(z), as in the case of free fields. If the enlarged 
sigma-model (|2.24)l is conformally invariant in the quantum regime, the pair of dual 
sigma-models S and S will also be conformal; in that case, the resulting models are 
equivalent as quantum field theories. The duality among sigma-models, as defined 
above, is a valid classical operation for non-conformal backgrounds as well, but in 
those cases the two models are not equivalent as quantum field theories. 

The previous discussion generalizes to backgrounds with n commuting isometries, 
in which case the enlarged action Slr involves d + n target space coordinates, encom¬ 
passing the Killing coordinates and their dual counterparts in a unified way. Slr ex¬ 
hibits an li(l)” X li(l)^ chiral symmetry with associated currents J^{z) and 
for each a = 1, 2, ■ ■ ■ , n. Gauging all symmetries axially or vectorially results into 
two sigma-models that are related by a general 0{n,n) T-duality transformation. Fur¬ 
ther details can be found in the report Il74l and references therein. 

It is tempting to use the enlarged action Slr for the world-sheet description of dou¬ 
ble field theory, which also encompasses the coordinates and their dual counterparts 
on equal footing in target space. Work in this direction is in progress. 


2.3 Combining the two approaches 


Let us now explain the different meaning of the Rocek-Verlinde currents in the en¬ 
larged parent theory Slr and in the reduced child theories S and S obtained by quo¬ 
tient. The key point is that X[ and are independent fields of the enlarged theory, 
but they are interrelated by duality in the reduced theories. The form of the currents 
in S and S will be obtained by eliminating X in favor of X, and vice versa, through the 
canonical formulation of T-dualify, hereby combining the two approaches. 


As explained before, the parent currents (12.251) are chiral by the classical equations 
of motion of the enlarged two-dimensional non-linear sigma-model (|2.24|) and they 
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take the following form 


j\z) = dxj + dxl + ^ \ ^ El,ax', 


Gii +1 
Gii — 1 


Gii +1 
1 


jHz) = dxl + , dxl + ^ \ ^ E,iar. 


Gii +1 


Gii +1 


(2.36) 


They can be rewritten in terms of the target space coordinate X^ = X[ + X^ and 
Xi = X[ — X^, assumed to be independent in Slr, as follows. 


JHz) = 


1 


Gii +1 


= 


1 


Gii +1 


Giiaxi + axi + Ei,axM, 


Giiax^ - axi + E^dx' 


(2.37) 


Then, it is immediately obvious that E^^(z) remains invariant and flips sign 

under T-duality, since Gn = 1/ G\\, En = E \{/Gn and E,i = —En/Gn. 

The coordinates X[ and X^ are not chiral, in general, but one can always define 
chiral coordinates ^’/(z) and T’^(z) in the enlarged theory Slr, letting 


J^{z) = dXliz) , J^{z) = dxUz) . 


(2.38) 


Then, T-duality is reformulated as automorphism 


A’il(z) = T’r (z), Xir(z) = 


— ~^r{^ 


(2.39) 


Likewise, one can introduce the following combinations of chiral components 

= Xl + Xl, Xi = Xl - (2.40) 


and restate T-duality in direct analogy with free fields, as 

_ vl I vl ^ V _ vl vl 

* 


(2.41) 


These new fields are non-locally expressed in terms of the target space coordinates 
X^ = (X^,X') of the original sigma-model (I2.1|l . The free fields X^ and Xi exist only 
in the master theory Srr for general backgrounds. Of course, for ordinary toroidal 
backgrounds we have X^ = X^ and Xi = Xi, in which case these fields are well 
defined in the coset theories as well. 


Next, using the non-local relations (I2.15|) and (|2.17)l among X^ and Xi, we can 
eliminate one coordinate in favor of the other and express the parent Rocek-Verlinde 


13 















currents in the original sigma-model frame S as 


(ciiax' + Gi,ax'), (guSx' + Gi, 5 x') (2.42) 

and in the dual sigma-model frame S as 

(g„ 3X‘+ Giiax') , J' = -g-^(G„5x‘ + Gii5x'). (2.43) 

It is immediately obvious that these "child" currents are not chiral fields of the original 
sigma-model nor its dual, in general. Thus, as expected by taking the quotient, the 
currents and are not bona fide conformal fields of the coset theory S nor its dual 
S. The physical operators of the coset conformal field theory S or S should necessarily 
commute with the BRST charge of the gauged sigma-model (|2.27)l and they should be 
defined up to BRST commutators. T-duality acts by automorphisms only in the self¬ 
dual theory Sir, whereas after the gauging the currents (12.42)1 of one reduced theory 
are mapped to the currents (|2.43)l of the other. 

Let us illustrate this point by considering the well known example of the SU{2) 
WZW model and its gauged variant SU{2)/U{1). In this case, the SU{2) group ele¬ 
ments are parametrized canonically as 

g = (2.44) 

and the action of the SU{2) WZW model for the coordinates 6, Xi and Xr is the en¬ 
larged action Sir, which is subsequently gauged. The corresponding Rocek-Verlinde 
currents for the U{l)i x U{1)r symmetry that is gauged are (dropping the index 1 for 
convenience) 


J{z) = dXi + cos{29)dXR, J{z) = dXR + cos(20)aXL (2.45) 

and they correspond to the Cartan generators of the SU{2)i x SU{2)r current al¬ 
gebra of the SU(2) WZSN model. Here, we have B = cos(20), accounting for the 
anti-symmetric tensor field of the SU(2) model in the and Xr directions, whereas 
gL,R — Q Setting X = X^, -|- Xr, X = Xi — Xr and noting that G\\ = cot^0 = 1/Gn, 
we obtain by gauging the two dual faces of the SU{2)/U{1) WfZW model described 
by the actions S and S with respective target space metrics 

ds^ = de^ + cot^e dX^ (2.46) 

and 

ds^ = dd^ + tan^e dX^. (2.47) 
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There is also a corresponding dilaton, required by conformal invariance, but no anti¬ 
symmetric tensor field. 


The currents (|2.45|) are chiral, i.e., dj (z) = 0 = dj(z) by the equations of motion 
of the SU{2) WZW model, and they can be rewritten as 


J (z) = cos^O dX + sin^0 dX , J [z) = cos^O dX — sin^O dX , (2.48) 


treating X and X as independent fields of the enlarged theory Sir. After gauging, X 
and X are not independent, but they are dual to each other related by 9X = cot^0 9X 
and 9X = —coi^O dX. Then, in the reduced theory S the two currents take the form 

JT (z, z) = leased dX , S (z, z) = leased dX , (2.49) 

whereas in the reduced theory S they are expressed as 

J'(z,z) = 2sin^0 9X, S'(z,z) = —Isin^d dX. (2.50) 

It can be easily seen, using the classical equations of motion following from S or S, 
respectively, that these are no longer chiral after gauging, hence, their dependence 
on both z and z indicated above. Also, it becomes obvious that the dual ^7 of S is 
the ^7 of S and the dual ^7 of S is the — ^7 of S, unlike the left and right components 
of the currents (12.481) of the ungauged SU{2) WZW model, which are self-dual and 
anti-self-dual, respectively. 

Similar considerations apply to the toroidal flux vacua of closed string theory that 
will be considered next in detail. 


3 Parabolic flux vacua of closed stings 


Let us first consider the case of a 3-torus, T^, with Gij = Sij (taking all radii equal to 
1 to simplify the presentation), constant dilaton and background H-flux given by the 
field strength of the anti-symmetric tensor field. 


Hjjk = djBjK + dRBjj + djBxj . 

Then, the original sigma-model action (|2.1|) takes the form 

1 


S = 


271 oc 


- / dzdz {Si} + Bi}{X)) dX^dX^ 


(3.1) 


(3.2) 
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and the classical equations of motion are 

ddX^ = 1 H^jKdX^dX^. (3.3) 

More generally, we can consider flux backgrounds which are fibrations over a 
base manifold M, buf, here, M is taken to be a point to avoid uimecessary technicali¬ 
ties. 

When the H-flux is not zero, the theory (13.21) is not conformally invariant at the 
quantum level. Indeed, to lowest order in a', the beta functions of the metric, anti¬ 
symmetric tensor field and dilafon are, respectively, 

/i(G„) = , mi) = , 

ni. 1 

= (3-4) 

The theory becomes conformal (though subcritical) only when the H-flux is constant 
and very weak, so that 0{H^) terms are negligible. In the following, we choose fo 
work in fhis dilufe flux approximation to implement T-dualities and denote the corre¬ 
sponding conformal field theory where all operations will be made by CFT^. 

The defining background, which is called H-flux vacuum of closed string the¬ 
ory, exhibits Abelian isometries, but their number depends on the choice of the anti¬ 
symmetric tensor field. Bjj is faken fo be linear in the toroidal coordinates, so that 
Hjjk is constant. A particularly convenient choice is 

Bu = HX^, B23 = 0 = B31 (3.5) 

so that Cf Th exhibits two commuting isometries labeled by a = 1, 2, whereas I = 
1, 2, 3. Another convenient choice is 

Bn=jX\ 823 = 0, B3, = |x^ (3.6) 

which accounts for only one isomefry associafed fo fhe coordinafe X^. Finally, there is 
yet another (more symmetric) choice 

Bi2 = jX\ B23 = jX', B32 = jX^ (3.7) 

in which case none of the isometries is manifest and Buscher's rules, which involve 
the field B rather than H, are not directly applicable. Yet, the various choices of the 2- 
form field B are relafed by gauge transformations B m B + dA for appropriate choices 
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of A and the T-dual faces of the model should be gauge independent. 

In the following, we stick to the choice (I3.5I) for B, which makes manifest the maxi¬ 
mum number of isometries of the model. The H-flux background and its T-dual faces 
belong in the class of toroidal fibrations and they exhibit non-trivial monodromies. 
These mathematical aspects of the model, as well as the description of the so called 
/-flux, Q-flux and R-flux backgrounds that arise by successive T-duality transforma¬ 
tions are discussed in detail in Appendices A and B, respectively, together with the 
monodromies of their currents that encode non-trivial closed string boundary condi¬ 
tions. 


3.1 T-dual coordinates 


Consider the solution to the classical equations of motion of the H-flux model in terms 
of free fields, which to linear order in H reads 


1 


x'(z,z) = X',i(z) + x',r(z) + i H';KXi,(z)Xjs(z) 


(3.8) 


for all 7 = 1, 2, 3. This expression is independent of the gauge choice for the 2-form 
field B, which only affects the form of the dual coordinates. Our task is to find similar 
expressions for the dual coordinates in terms of free fields for the choice (|3.5|l . 

Recall that the dual coordinate to is defined by the following general relations 


axi = Endx^ + Eiidx\ axi = -(Eiiax^ + £i,ax/ 


(3.9) 


For the model at hand we have En = 1 and Em = — E,i = Bi, and so 


li 


-il — Dii 


aXi = ax^ - Hx^ax/ aXi = -ax^ - Hx^axx 


3:j\x2 


(3.10) 


Substituting the free field realization (|3.8|) of the toroidal coordinates, we obtain 


H. 


3Xi = 3Xj,i - HX„y3X„y - -3(X§,tX„% + , 


3Xi = -3 XJ,r - HX„%3XJr - y3(Xj,X»s + X„yxJ, 


v 3 , v3 v2 


Rj 


(3.11) 


(3.12) 


Integration is straightforward and it yields the following result tor the dual coordinate 

Xi(z,z) = Xj^^(z) - Xj j^(z) - y (xJ^(z)Xgj^(z) + xI^{z)xIj^{z)^ - 




(3.13) 
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whereas the corresponding expression for the original coordinate X^, following from 
eq. (I3.8|l . is 


x'(2,2) = Xj,i(z) + + J (xJt(2)X„%(2) - Xl,(z)Xl„(z)) . ( 3 . 14 ) 

Next, we define the fields 

Xi(z,z) = t(X'+Xi), Xjj(z,z) = i(X'-Xi) (3.15) 

in terms of which T-duality reads 

X[ (z, z) ^ Xl (z, z), X^ (z, z) ^ -Xj, (z, z). (3.16) 

Their free field realization follows from above, leading to the expressions 

Xi(z,z) = X^^^(z) - jXIl(z)XIj^(z) - y / Xl^MdXlL(zo)dw - 

Y j ^ (3-17) 

X^(z,z) = Xjj^(z) + yXjj^(z)Xgj^(z) + yy (^)3^0,1 + 

y / ^o,Ri'd^)^^o,Ri^)d^ ■ (3-18) 

Thus, the effect of T-duality, going from the H-flux to the /-flux background, can be 
neatly expressed in terms of free fields as follows, 

Xo,L(2)^Xi,(z), (3.19) 

Xi5(z-) ^ -Xj,s(z-) - HX„y(z)x3s(z) 

— H / XQ[_(w)dXQi(w)tilv — H f Xgj^(w)dXgi^(w)tiw, ( 3 . 20 ) 

leaving Xq ^(z) and Xqj^(z) inert for the remaining toroidal coordinates i = 2, 3. 

Let us now prepare to pass to the Q-flux model by performing T-duality along the 
direction X^ of the /-flux model. On the /-flux background there is an off-diagonal 
component of the metric G \2 = fX^, identifying H = f, whereas all diagonal com¬ 
ponents are 1 as before. Furthermore, the 2-form field vanishes. The dual coordinate 
to X^ is defined by specializing the defining relations (13.91) to the /-flux model whose 
coordinates are Xi, X^, X^. We have 

dX2 = dX^ + HX^aXi, 5X2 = -5X2 _ HX^^Xi. (3.21) 
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Employing equation (13.101) we can eliminate Xi and express everything in terms of the 
coordinates of the original H-flux model. To linear order in H = f = Q the result 
is 

0 X 2 = aX^ + HX^dX\ 9 X 2 = -dX^ + HX^dX\ (3.22) 

Note that these are precisely the defining relations of X 2 if we were to perform a T- 
duality of the H-flux model along the X^ direction alone. Thus, the dual coordinates 
can be invariantly defined using the H-flux model and it does not matter if another 
duality has been performed first. 

According to equation (13.81) , the original coordinate X^ admits the following free 
field realization. 


X2(z,z) 


= x2jz)+X, 


0,R* 


H 


z - 


4,l(z)4r(z)-XJl(z)4,r(z: 


(3.23) 


Then, comparing (13.101) to (13.221) and (13.141) to (13.231) , we see that the corresponding ex¬ 
pressions are simply related by exchanging the coordinate indices 1 and 2 and flipping 
the sign of H at the same time. Implementing these operations to equations (3.17) and 
(13.181) , we immediately obtain the following result for the left- and right-components 
of X^ and X 2 , respectively. 


X^(z,z) = xJl(z) + ^xIj^{z)xIr{z) + y / + 

y J ' (3-24) 

X|(z,z) = xIj^{z) - ^xI^(z)xIj^{z) - y / “ 

y J (3-25) 


Finally, combining the above, we see that the effect of T-duality, going from the 
H-flux to the Q-flux background, can be neatly expressed in terms of free fields as 

rz 


Xo,i(z) ^ xiaz) - HxJ,(z)xJr(z) -HJ xl„{u,)axlg{w)dw, ( 3 . 26 ) 
xJ k)?) ^ -Xj ,;(z) - HXi,,(z)xgjj(z) - H f" Xli^(w)dxl dii:)dw (3.27) 


Xjjz) ^ Xj,(z) + HXjt(2)Xjji{z) + H f Xl,,{w)bXl^{w)dw, (3.28) 
xJ„(z) ^ -Xl„(i) + HXi,(z)X„%(z) +Hf‘ Xl^(wydX\^(w)dw, (3.29) 
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whereas Xq^(z) and Xg j^(z) remain inert. 


3.2 Currents and generalized coordinates 

The Rocek-Verlinde approach of gauging the isometries does not require conformality 
and, as such, it is also applicable to tori with large H-flux. Here, we are limiting 
ourselves to CFTh- Then, the corresponding currents (|2.42)l take the simple form 

= ax^ = ax“ (3.30) 

in ferms of the toroidal coordinates a = 1,2. Using the solution (13.81) of the classical 
equations of motion of the H-flux model with very weak constant flux, the Rocek- 
Verlinde parent currents take following form in ferms of free fields, 

J'(z,z) = dx'iz.z) = dxl,{z) + 1 H'jKdx' jz) X„‘;k( 2 ) 

j'(z,z) = 3x‘{z,z) = 5xi r(z) + i h‘,kXI ^(z) 3Xo^k(z) • (3.31) 

Here, the index I is meant to be a = 1, 2, but for lafer use we also exfend the definition 
to encompass J^{z,z) := ax^(z,z) and J^{z,z) := dX^(z,z), although the latter have 
no analogue in the enlarged theory Slr. 

The currents and are chiral fields of the enlarged parent theory Srr, i.e., 
= 0 = and, thus, they can be readily used to describe the dual faces of 

CFTh by the automorphisms —)■ and —)• However, these currents are 

not chiral in the context of the reduced child theory CFFh, since there are obstructions 
of order H, which arise by the field equations (I3.3|l . They rather satisfy the non-chiral 
conservation laws 

dj^-dj^ = 0, (3.32) 

which are immediate and obvious for all 7 = 1, 2, 3. The monodromy properties of 
those currents are described in Appendix B for all T-dual faces of fhe consfanf flux 
vacua. 

As emphasized before, this difference is attributed to the simple fact that the Rocek- 
Verlinde currents do not commute with the BRST charge of the gauged sigma-model 
associated to the enlarged theory Srr. Our results about non-commutativity and/or 
non-associativity of the (appropriately defined) coordinafes of fhe dual faces of CFFh 
thaf will be discussed lafer rely on fhis subfle poinf. In facf, the cohomological in¬ 
terpretation of fhe resulting algebraic strucfures in ferms of 2- and 3-cocycles can be 
solely described in ferms of the BRST (i.e.. Lie algebra) coboundary operator and it is 
inherited in the reduced theory by gauging. Thus, non-commutativity and/or non- 
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associativity arise only in the reduced theory and not in the enlarged theory, which is 
manifestly commutative and associative. This interpretation, which will be pursued 
later in the discussions, ties up nicely with the idea that the enlarged theory Slr can 
be used further to provide the world-sheet description of double field theory 

The coordinates do not transform in a simple linear way under T-duality How¬ 
ever, we can define generalized coordinates X^{z,z) = X[{z,z) + X^{z,z) that trans¬ 
form nicely under T-duality, as dictated by eq. (I2.39|l . The generalized coordinates are 
integrals of the Rocek-Verlinde currents and given by eq. (l3.3H) . of the follow¬ 
ing form. 


X[{z,z) = f j\z',z')dz', Xl{z,z) = f J^{z',z')dz'. (3.33) 

J a Ja 

Here a and a are some complex integration constants. The expressions above involve 
integration over the world-sheet coordinate a in the (t, (r)-plane in radial quantiza¬ 
tion, which is adopted hereafter, and, therefore, they should be defined as circular 
integrals in the complex z-plane, keeping |z| and |z| fixed (and, thus, it is also implic¬ 
itly assumed that |z| = \a\ and |z| = \a\). The corresponding fields X^ should be 
regarded as the proper generalized string coordinates of the cr-model to first order in 
perturbation theory. The commutation relations of the coordinates X^ and X^, and 
not of X^ and X^, and their dual counterparts, will be in focus later. 

The different meaning of , J^) in CFTh and Srr is also reflected in their oper¬ 
ator product expansions. In CFTh, we use the free field 2-point functions 


< 3Xit(z)3<L(“') >= 


S>'‘' 


2 (z — iv) 


< >= 




2 (z — w 


'n\2 


(3.34) 


to obtain the following expansions, to linear order in H, 


j\z,z)j^'{w,jv) 

j\z,z)j^\w,w) 

j\z,z)j^'{iv,w) 




1 ^^TT' Z — W 


2{z — w)^ 4 




J^{w,w) -, 


(Z — W] 


SU' 


2(z — w)^ 4 




[Z — W] 


J^{w,w) -\ -, 


(3.35) 

(3.36) 


1 f J^{w,w) _ J^{w,w) \ ^ 

4 \z — ZR z — w) 


(3.37) 


where dots denote non-singular terms. There is no holomorphic factorization of the 
current algebra because of the mixed terms involving Xg ^^(z) and Xg j^(z) in the free 
field realization (|3.31|l via the fluxes. In the enlarged theory Srr, on the other hand, 
holomorphic factorization is guaranteed by construction, leading to the operation 
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product expansion ofaLi(l)L x U{1)r current algebra for each generator. 


j\z)j^\w) = 


sw 


2 (z — w) 


J^(z)J^'(w) = 




2 (z — w 


r7y\2 


up to non-singular terms that are irrelevant. 


j\z)J^\w)=Q, 

(3.38) 


Strictly speaking, the index 7 should be restricted to the Killing directions 1 and 2, 
but their operator product expansion gives rise to and in the context of Cf Th. 
These additional currents are not associated to an isometry and they are the ones that 
obstruct holomorphic factorization. Note, however, that it is not consistent with the 
free field realization (13.311) to project them out by forming an ideal of the algebra. Their 
appearance in the same multiplet with the ordinary Rocek-Verlinde currents should 
be held responsible for the emergence of the non-commutative and non-associative 
structure when T-duality is formally performed in the third non-Killing direction to 
yield the non-geometric 7?-flux vacuum of closed string theory. 


4 Canonical T-duality and non-commutativity 

This section is devoted to the derivation of the non-commutative and non-associative 
relations among the generalized coordinates appearing in the different T-dual faces of 
the constant flux background. As such, it contains our main results, whereas all other 
material in the paper can be regarded as prerequisite for their derivation. 

4.1 Preliminaries: the case of free fields 

First, we briefly discuss the commutation relations among free fields, using the formal¬ 
ism of conformal field theory, as warm up, while preparing the ground for the deriva¬ 
tion of the commutation relations among the generalized coordinates of the flux back¬ 
grounds by similar techniques. Recall that the free fields Xq (z, z) = Xqj^ (z) + Xq ^ (z) 
possesses the following mode expansion 

I 

Xo,l(z) = 4,l - ¥l logz + i / 

n^O ” 

Kr ( 2 ) = 4,r - ^Pr log z + i E ^^nZ“”, (4.39) 

introducing complex coordinates as z = and z = All commutators are 

derived from the free field propagators of the left- and right-moving fields, which are 
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taken to be 


(^aL(z)4,L(^)) 

(4r(2)<r(^)) 

(Xi,(2)xJ^^(re)) 


^<5^^ log(z-w), 
log(z-zD), 

0 


(4.40) 


with the appropriate normalization of the string tension. 

Let us compute the equal time commutator of the left-moving coordinate Xq ^ (z) 
with its derivative dzvX^ j^(w). Time ordering becomes radial ordering in the complex 
z-plane, and, thus, the equal time commutator [Xq ^(t, a), O^X^ ^(t, a')] is defined as 
follows, taking into account the ^-prescription. 




z\ = \w\—5 


.(4.41) 


Using the two-point function (14.401) , we obtain by contraction that 


1/1 1 \ 

[^ 0 , 1 ( 2 )' ^ro^ 0 ,L(^)]|z|=|w| ~ ~ 2 ^ ^\z — ~ z — (4.42) 


and so, choosing z = ^°',w = e , i.e., t = ±5, r' = 0 and cp = a — a', the above 

commutator works out to be 


[^0,l(z)/ 9h^^o,l(^)]|z| = |«;| = 


1 / p-S+io- 

-6” lim ^ ^ 


+ 


2 <5^0+ V 1 - 1 - 

-i / 00 00 

^ V m=0 m=Q 

-nS^^e^'^'5{(p) = in5^^5{z — w). 


(4.43) 


Next, we compute the equal time commutator of Xg ^(z) with Xg ^(w), represent¬ 
ing Xg ^(zf) by the integral 

= j dw dy,x[^^{w) (4.44) 

in view of the generalizations that will be considered later. The integral goes over 
some path in the complex zf-plane which is not a closed contour. The computation of 
the equal time commutator dictates choosing a path of consfanf time, thus integrating 
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along the circular direction in the complex plane by rewriting 



(4.45) 


Then, the commutator [Xq i{T,a 




T, u')] is computed in steps as follows. 



[^0,l(z)/ ^0,lM]\z\ = \w\ 

/ W 

-i J az2;X^^^(zD)]|2|=|^| 

ind^^ J 5{^) = e{(p ), (4.46) 


using also the identity (C.2) found in Appendix C. The same result is obtained directly 
from the logarithmic expression (14.401) for the propagator, without making use of the 
integral formula above. 

Using the same techniques, one obtains similar expressions for the commutators 
for the right-moving free fields 





(4.47) 


Finally, combining the expressions (14.461) and (I4.47|) . the equal time commutators 
among Xq(z,z) = Xq^{z) + Xqj^(z) and the dual coordinates Xg(z,z) = Xgj^(z) — 
Xg j^(z) work out to be 

[x'(t,< 7), x'(T,<r')] = [X',t(z), X',(a,)]|,,,|„| + [X',s(z), X'„(S.)]|,-,.,„| = 0, 
[X'(t,<z), x'(T,<r')] = [Xi,(z), X'_,(a,)]|,,.|„| + [Xi„(z), = 0, 

[x'(t,<z), x'(t,</)] = [Xi,(z), Xo,l(ii>)']|,,.|„| - (XiK(z), X'„(ai)]|,|.|„| 

= e{(p) , (4.48) 

as expected. Since e(0) = 0, we have [Xg(T, a), Xg(T, cr')] = 0 for u = a'. 


4,2 Non-commutativity for interacting fields with constant fluxes 

We are now in position to extract the general structure of the commutation relations 
among the closed string coordinates for toroidal backgrounds with constant flux by 


24 









conformal field theory techniques based on the formalism introduced in the previous 
sections. Analogous calculations were performed earlier, first in ref. | l27| and then in 
11321 , using the world-sheet operator formalism of parabolic models (but see also 1381 
for the computation of Dirac brackets among the coordinates), and they were subse¬ 
quently extended to backgrounds with elliptic monodromies in ref. 1291 . As will be 
seen here, the CFT treatment is more efficient, making the origin of non-commutativity 
more transparent compared to the previous approaches. The main advantage of the 
CFT formalism is that T-duality acts in a simple way, flipping the sign of the right- 
moving generalized coordinates. 

The u-model coordinates X^(z,z) are not anymore free fields, but they interact 
with each other in the presence of fluxes. Since the left- and right-moving coordi¬ 
nates X[(z,z) and X^(z,z) are not directly related to currents that transform linearly 
under duality transformations, we were led to consider the generalized coordinates 
as discussed in the previous section, which are the integrals of the Rocek-Verlinde 
currents Jl(z,z) and J^{z,z). We have 

X\z,z) = a/ (z, z) A^ (z, z) , (4.49) 

letting 

A/(z,z) = / JI{z', z')dz', A^(z,z) = / JI{z', z')dz'. (4.50) 

J a Ja 

As explained earlier, T-duality in the /-direction acts on the currents Jl{z,z) and 
(z, z) as well as on the corresponding generalized coordinates A^ (z, z) and A^ (z, z) 
in a simple linear way, 

JI (z,z) —^ JI (z,z) , JI (z,z) —> -JI{z,z), 

Xl{z,z) —)• A/(z,z), A^(z,z) —)• — A^(z,z). (4.51) 

This does not mean that the T-dual faces of the interacting theory are self-dual, but it 
is a statement that T-duality maps the generalized coordinates of one flux background 
to the generalized coordinates of another and vice-versa. 

It follows from the definition of the coordinates X[{z,z) as integrals of the non- 
chiral currents J'l{z,z) that such integrals are not anymore path-independent, but, in 
fact, they depend on the chosen path in the complex plane; the same is also true for 
the corresponding right-moving objects. Hence, it is necessary to specify the path of 
integration in order to assign a well defined meaning to the generalized coordinates 
X[ and A^. Here, we apply the radial quantization for the computation of the commu¬ 
tators by choosing circular paths around the origin of the complex plane, keeping |z| 
and |z| fixed in the integrals, as in the case of free fields. Then, with this prescription 
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in mind, which we adopt in the following, the generalized coordinates are defined as 
follows, 

Xl{z,z) =—i J da e~^^Jl{z,z), Xl{z,z) = i J da JI^{z,z) , (4.52) 

letting z = and z = . It follows immediately that the non-holomorphic 

terms of Jl{z,z), which depend on z, also contribute to the integral over z; similar 
remarks apply to the holomorphic part of the currents J^{z,z). 

Let us now consider the equal time commutators among the generalized coordi¬ 
nates X^{z,z) and {w,w), 

[X^{T,a), xJ{T,a')] = [X\z,z), X^= 

^Hm ((d:’^(z,z)dr/(w,zZ)))|^l^l^l^^- (A’/(w,zi))d:’^(z,z))^ 

It is convenient to split these commutators in four different pieces, namely 



■= '^/(W/^)]|z| = |a;|/ (4-54) 

letting z = and w = . Note that apart from the left- and right-moving 

commutators and which are in general non-vanishing, the cross terms ©[^ 

and can also be non-zero, because the operator products of Jl (z, z) with (z, z) 
(and, likewise, of S^(z,z) with J'[{z,z)) contain non-vanishing poles that contribute 
to their expressions. Adding the left- and right-moving pieces together, we obtain the 
following general structure for the commutation relations between X^ = X[ + xi 
and X^ = X[ + X^, 

0" = X, Xl] = 0[[ + 0j/j + 0« + 0^'^ . (4.55) 


As emphasized before, X[g^{z,z) are the appropriate generalized string coordi¬ 
nates that transform nicely under T-duality. Then, starting from a given flux back¬ 
ground and dualizing in the J-direction, the four commutators pieces transform, fol¬ 
lowing (I4.51|l , as 


©h 


©h 

^LL' 


©h 




_©h 

^RR' 


©h 

^LR 


©h 

^LR ' 


©h 

'^RL 




'^RL 


(4.56) 


26 




and, as a result, the total commutators in the dual background take the simple form 


®Ll = + 0[i - @',1, . (4.57) 

Thus, starting from the H-flux background and applying two consecutive T-duality 
transformations in the 1- and 2-directions, we obtain in steps: 

(i) Geometric H-flux background: 

= ©12 + + ©12^ + ©^2^ . (4.58) 

(ii) Geometric /-flux background: after a T-duality in the 1-direction, we obtain 

©f = ©II - ©],\ + ©[2^ - ©M.. (4.59) 

(iii) Non-geometric Q-flux background: another T-duality in the 2-direction yields 

©^2 = 0^^ + 0]/^ _ 0l2^ _ 0^2^ . (4.60) 

As will be seen next, some of these commutators are zero and others are non- 
vanishing, leading to non-commutativity in the corresponding flux vacua. The same 
method leads to non-associativity by making another step in the 3-direction to reach 
the non-geometric R-flux background. 


4.3 Case by case computations 

We will compute the individual pieces of the commutators among the generalized 
coordinates for all T-dual faces of the parabolic flux model, case by case, using the 
technical material contained in Appendix G. 

4.3.1 Commutators of the H-flux background 

Let us now apply this formalism to extract the commutators of the H-flux background. 
In the following, we compute the off-diagonal commutators between the generalized 
coordinates in the 1- and 2-directions of the H-flux background to linear order in the 
fluxes. The diagonal commutators between the generalized coordinates and their dual 
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counterparts in the same directions are identical to those found for the free fields in 
the previous subsection. 

The left- and right-moving currents of the H-flux background in the 1- and 2- 
directions take the following form, according to eq. (|3.3H) , 


Jl{z,z) 


+ iH(X=s(z)3X„y(2) - Xl^{z)dXl,_{z)) . 

Jl{z,z) 

= dXlliz) 

- iH(X^,K(z-)3Xi,(z) - Xi„(z)3x3,(z)), 

Jr{z,z) 

= 5xJ,k(2) 

+ ^H(Xo',l(z)3X„%(z-) - XJ,(z)3X2s(z-)) , 

Jr{z,z) 

= 5Xjs(z) 

- iH(Xj,L(z)3X„%(z-) - Xj,(z)3Xi„(z)) . 


From these currents we obtain the following generalized coordinates in the 1- and 
2- directions of the three-torus. 


Xl{z,z) 

= 

+ \H 

T’^(z,z) 

= xJ,k(z-) 

+ \H 

Xl{z,z) 

= X§,t(z) 


Xl{z,z) 

= Xj,j(z) 



dz' {xIl{z') - Xl^{z')d'Xl]^{z')) , 

"dz' (X3„(z') 3'xj,,(z') - XJ,r(z')3'x2,,(z')) , 

'"'dz' {Xi,{z') 3 'xJk(2') - X§,,(2')3'XJ,k{2')).(4.62; 

We start with the equal time commutator piece to linear order in H, which is 
@]^i{z,w,z,w) = [Xl{z,z), Xl{w,w)] 


= -2« 


PUJ 

Xi,(z), / 3'Xi,(z')X„%(z')dz' 






(4.63) 


Its computation proceeds by taking single contractions of the operators that appear in 
the two terms above - there are no higher contractions - which effectively means that 
the commutators correspond to classical Poisson (respectively Dirac brackets) prior to 
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quantization. The following contractions contribute to &]^i, 



— the other half of the commutator (4.64) 

It can be seen that the 1-point function of the operator Xg [z') remains in the com¬ 
mutator after the contraction. This looks rather unusual and one may naively expect 
that the net result for the commutator is zero. Note, however, that we are comput¬ 
ing these expressions in a sector of the string Hilbert space where the left- and right- 
moving momenta and are not zero. For vanishing oscillator numbers, the string 
level matching constraint implies that 

Vl = ±Pr • (4-65) 

Here, we concentrate on states with non-trivial winding number , having 

= Pl- Pr and pi = -PR- (4-66) 

This, in turn, implies that the momentum operators pi possess non-vanishing matrix 
elements in the winding states, 

= Y. {P^\PW) = -P- (4.67) 

The existence of winding states is closely related to the non-trivial monodromy 
properties of the flux backgrounds, which are outlined in Appendices A and B. Specif¬ 
ically, the monodromy induces non-trivial transformations of the coordinates X^, X^ 
and of the dual coordinates Xi, X 2 when going around the third circular direction by 
making the shift 

X^ ^ X^ + 2n (4.68) 

and selects new closed string boundary conditions. In sectors with non-vanishing 
winding number p^, the shift u —?■ u -|- 2n acts on X^ in the standard way, 

X^ (e-2^’^z, (z, z) -2np^, (4.69) 

whereas, for non-vanishing fluxes, the currents with I = 1, 2, undergo non- 
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trivial transformation given in terms a flux dependent monodromy matrix Aiij, as 


/'_—2/7r_ 


= Mij jI^{z,z) 


(4.70) 


The upshot of this discussion is that the commutators can be non-zero in string sec¬ 
tors with non-vanishing winding number. The physical origin of this behavior should 
be attributed to the modified closed string boundary conditions, which reflect the sim¬ 
ple fact that non-local winding strings can capture the non-trivial global properties of 
the flux background, thus giving rise to non-commutativity among the generalized 
coordinates. We shall examine how this is precisely realized in all T-dual faces of 
the parabolic flux model. With these explanations in mind, let us now continue with 
the evaluation of the commutator pieces in the H-flux background and then use the 
results to extract the total commutators in all other T-dual faces of the model. 

Using the mode expansion of free fields, the l-point function of Xq^{z^), which is 
given by (I4.64|) , turns out to be 

(p"|Xi5,R(*')IP®> =>y logz' (4.71) 

in sectors with non-trivial winding number. Furthermore, using the 2-point functions 

{XiJz)a'XiJz')> (Xoy(®)3'X„y(z')) = -^^^;T_, (4.72) 

we arrive at the following intermediafe result for 


&]^l{z, w, z,w) 





|z| 




the other half of the commutator. 


(4.73) 


These integrals are evaluated in Appendix C (see, in particular, eq. (IC.16D ). Hence, we 
obtain 


@ll{z,w,z,w) = ) • 


(4.74) 


Setting ^ = 0, it yields 




n 


12 


(4.75) 
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Likewise, we obtain the following result for ©rr, 


0l2_ ( 


rr\Z,W,Z,W) = 


4 ^ 1271 n ^ ' 


which for cp = 0 yields 


TT^ 


12' 


(4.76) 


(4.77) 


Next, we compute the commutator piece ©lr, which is given by the expression 
©^^J^{z,z,w,w) = [xl{z,z), xl{w,w)] 


--1- 


XiL(z). / Xl^{z')d'Xl^{z')dz' 


+ in 


xinita), I a'xj,(z')xjs(z')iiz' 


Taking the single contractions, we find 


©'^ir{z,w,z,w) = 


I (Xi,(z)Xi,(z'))a'x3^(z')dz' 


+ a'x3,(z')(x2^(z())x2^(z'))dz' 


|z| = |h;|+J 


— the other half of the commutator 


-»^pog(z -zO ^ 


->v 


/log(zZ)-z') 


— the other half of the commutator. 


(4.78) 


|z| = |h;|+<5 

(4.79) 


These integrals are evaluated in Appendix C (see, in particular, eq. (IC.18|I ') and so we 
have 


©lr{z,w,z,W) = ] . 


(4.80) 


Setting ^ = 0, it yields 


.71^ 




(4.81) 
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Likewise, we obtain the following result for ©ri, 

©fi{z,w,z,w) = (4.82) 

which yields for cp = 0 

©Ft(T,<7) = -iHp3^. (4.83) 

Finally, adding up all four individual pieces, it comes out that the total commu¬ 
tator of the generalized coordinates in the 1- and 2-directions vanishes in the H-flux 
background; in fact, it vanishes even before taking the limit cp = 0. Thus, we end up 
with 


©g (t, < 7 ) = ©ti + ©“ + + 0“ = 0 (4.84) 

and commutativity is manifest. 

4.3.2 Commutators of the geometric /-flux model 

The geometric /-flux background is obtained from the H-flux face by a T-duality trans¬ 
formation in the 1-direction, flipping 

Xl{z,z) — Xl{z,z), X^{z,z) —)• —X\{z,z). (4.85) 

In the computation of the corresponding commutators, we are still using the free fields 
Xg (z) and Xg ^ (z) of the H-flux background, and, therefore, we do nof have to repeat 
here the entire CFT computation but we just have to implement the flip of signs of the 
individual commutator pieces in the appropriate way, as given by eq. (I4.59D . Thus, we 
obtain, setting H = /, 

(h (t) = ©II - ©RR + ©II - ©il = 0 (4.86) 

in the winding sector of sfring theory with non-vanishing p^. Commutativity is main¬ 
tained. 

4.3.3 Commutators of the non-geometric Q-flux model 

The non-geometric Q-flux background follows by performing another T-duality in the 
2-direction, 


Xl{z,z) —^ Xl{z,z), T’|(z,z) —^ -T’|(z,z). 


(4.87) 
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Now, for the first time, the total commutator is non-vanishing, since 


©Q (z, w, z,w) 


@ll +© 

-inQp^ 


12 

RR ~ 





© 


12 

RL 


1 

TT 


cwn) 


(4.88) 


with H = f = Q. Setting ^ = 0, it yields 

■ 2 

( 4 . 89 ) 

Thus, the generalized coordinates and of the Q-flux background are non- 
commutative. The parameter of non-commutativity is provided by the winding num¬ 
ber in the third direction of the torus. 

4.3.4 Commutators of the non-geometric t?-flux model 

The final T-duality with respect to the 3-direction is no longer described by the Buscher 
rules (|2.14|l and (12.151) , since the background depends explicitly on X^. An alternative 
prescription is provided in the language of conformal field theory by the automor¬ 
phism of the operator algebra, acting as 

xl ^ Xl, Xl ^ -Al, ^ P3 (490) 

Thus, starting from the H-flux background and dualizing it in all three directions, we 
arrive to the non-geometric X-flux background, which is completely left-right asym¬ 
metric in all three directions. It is not anymore a geometric manifold, even in a local 
coordinate neighborhood. The commutator of the generalized coordinates in the 1- 
and 2-directions becomes now 

■ 2 

©]^2(T,(r) = [A’1 (t,(7), X^{t,ct)] = (4.91) 

setting H = f = Q = R. 

In this case, the parameter of non-commutativity is provided by the momentum 
number p^, which, in turn leads to non-associativity as violation of Jacobi identity 
among the generalized coordinates. 

This completes the derivation of the commutators in all T-dual faces of the parabolic 
flux model, confirming by CFT techniques the emergence of non-commutative and/or 
non-associative structures in non-geometric backgrounds. 
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5 Conclusions and discussion 


In this paper we confirmed the non-commutative and non-associative algebraic struc¬ 
ture of the parabolic flux compactificafions with constant geometric and non-geometric 
fluxes, using the approach of canonical T-duality in conformal field theory. Combin¬ 
ing this approach with the gauging procedure of Rocek and Verlinde, we found that 
the non-commutative and non-associative relations arise in a subtle way Namely, 
these structures do not refer to the coordinates and the coordinates of the dif¬ 
ferent T-dual faces of the model, but they rather refer to generalized coordinates 
and their dual counterparts associated to the conserved currents of the underlying 
Rocek-Verlinde "parent" theory The resulting commutation relations are summarized 
in the table below for all T-dual faces of the parabolic flux models. 


T-dual frames 

Commutafors 

Three-brackets 

H-flux 

[X^, X^] - 

[X\ X^, A’3] - H 

/-flux 

[X^, A”/] r^fe^J^p^ 

[X\ X^, A’3] - / 

Q-flux 

[X^, XJ] - QehKpJC 

lx\ A’2, A-S] _ Q 

R-flux 

[X^, XJ] - Re^f^p^ 

[XK A’2, A’3] - R 


The third column of this table contains the non-trivial three-brackets among the gener¬ 
alized coordinates, which reflect the non-associative tri-products for each of the four 
flux backgrounds. This non-associative algebraic structure was further analyzed in 
refs. ||3T1 l33l l34l [35l [3^ |3Zl in terms of 3-cocycles, star-products, tri-products and 
related physics topics such as membrane sigma-models, magnetic monopole back¬ 
grounds, and their quantization. 

Since the generalized coordinates X^ and their T-dual counterparts do not 
correspond to bona-fide conformal fields of the underlying CFT, there is no conflict 
with the associativity of CFT amplitudes satisfied by on-shell physical fields. Our 
computations do not require staying off-shell or going on-shell, and, hence, the non¬ 
associativity of the phase space variables {X^, X^, p^, p^) is not forbidden on general 
grounds. In our view, non-geomefric flux backgrounds should fit in a broad "geo¬ 
metrical" picture in which the physical on-shell closed string fields, whose operator 
algebra is fully associative, nevertheless live on a non-commutative and possibly non- 
associative phase space. Then, as advocated in refs. Il26ll27ll3^ . this space possesses a 
minimal volume, which is set by the R-flux deformation parameter together with the 
non-vanishing string length upon quantization. This picture is also consistent with 
the role of non-associative commutation relations and tri-products in double field the¬ 
ory UMl . Physical fields that satisfy the strong constraint in double field theory do not 
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display any non-associative product structure. Still, they can live in a non-associative 
doubled phase space with non-associative doubled coordinates, since there is no need 
for the doubled coordinates to be physical fields satisfying the strong constraint. 

It is certainly interesting to explore in more detail the relations between the dou¬ 
bled CFT approach of Rocek and Verlinde on the string world-sheet and the doubled 
target space description of double field theory. In fact, it is tempting to speculate that 
the "parent" world-sheet theory of Rocek and Verlinde is just the proper world-sheet 
analogue of target space double field theory (for a different world-sheet description 
of double field theory see the recent work H77l[78l ). Then, in this context, the chirally 
conserved world-sheet currents and giving rise to the generalized coordinates 

and seem to correspond to the doubled coordinates of double field theory. Pro¬ 
jecting these currents to the "child" non-linear sigma-models by gauging seems to be 
very similar in vain to the different ways of applying the strong constraint in double 
field theory. 

Finally, it would be interesting to investigate other non-geometric backgrounds by 
similar methods, focusing, in particular, to the novel class of non-geometric spaces 
that do not admit geometric duals, such as the asymmetric orbifold conformal field 
theories l|29l l44]| and the closely related double elliptic spaces that arose recently by 
dimensional reduction of double field theory H45l as well as to solutions of double 
field theory for non-geometric group manifolds IflSl W7\ l68l . We hope to return to 
these issues elsewhere. 
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A Monodromies of toroidal fibrations 


The monodromies specify the gluing conditions of the fibre when going around the 
base space of a given fibration. Here, in view of the applications that are discussed 
in this paper, we summarize the monodromy transformations of a three-dimensional 
fibration with a one-dimensional circle with coordinate serving as the base and 
a two-dimensional torus with coordinates X' = (X^, X^) as fibre. 

Let Gjj and Bjj be the components of the metric and anti-symmetric fields on T^, 
which depend on the base point and they are conveniently combined as E/j = Gij + 
Bjj. Then, in this case, the monodromy transformations are given in terms of 0(2,2; R) 
transformations, which act on the background fields of the in the following way, 

E(x3 + 271) = Mo(2,2)E{X^) = (aE(x3) + b) (cE(x3) + d) , (A.l) 

by going around the base space. Here, Aio( 2 , 2 ) is an element of the group 0(2,2; R) 
represented as 

■^0(2,2) = / (A-2) 

where A, B, G and D are 2-dimensional matrices that satisfy the defining relations 

A^C + C^A = 0, B^D + D^B = 0, A^D + G^B = 1. (A.3) 


The right-hand side of equation (I A. 1)1 provides the T-dual background E(X^) of 
E(X^) with respect to the two commuting isometries generated by the vector fields 
tangent to the fibre T^. Thus, when the matrix element A4 G 0(2,2; R) is not trivial 
and the gluing condition of the fibration involves a genuine T-duality transformation, 
the space fails to be globally geometric. Likewise, if the transition function among 
different patches involves a T-duality transformation that caimot be undone by a dif- 
feomorphism, the space will fail to be locally geometric and the notion of T-folds has 
to be used as substitute to ordinary differentiable manifolds. The monodromies of 
different fibrations are essential for selecting the correct closed string boundary con¬ 
ditions in the geometric and non-geometric spaces that are discussed in this paper. 


It is convenient to parametrize the background fields of the fibre by two complex 
scalars, known as the complex structure t and the complexified Kahler class p of T^, 
setting 


T = 


Gi2 


+ i 


V 


Gii Gii ' 


p = —Bi 2 + iV, 


(A.4) 


where V = \J detG denotes the volume element of the two-torus. Then, the 0(2,2) 
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group splits naturally as follows. 


0(2,2;R) ~ SL(2,R)t x SL(2,R)p . 


(A.5) 


The group factor SL(2 ,R)t- corresponds to reparametrization of the torus, acting as 
modular transformations of its complex structure with generators : T —> T + 1 and 
St : T ^ —1/t. It reads 


T ^ 


UT + b 
CT + d' 


with ad — be = 1. 


(A.6) 


The other factor SL(2,R)p contains the shift of the B-field by a constant, Tp : p ^ 
|0 + 1, as well as the T-duality transformation Sp : p ^ —1/p that reverses the volume 
of the torus R —?■ 1/R when B 12 = 0. Its full action is given by 


a'p + b' 
c'p + d'' 


with a d — b e = 1. 


(A.7) 


The embedding of SL(2, R)^ x SL(2, R)p in 0(2,2; R) is provided by the following 
identification with the matrices A, B, C and D in equation (|A.2|) . 


A = a' 


B = b' 


C = e' 



D = d' 



More explicitly, the matrix elements SO(2,2;R) ~ SL(2, R)t x SL(2, R)p factorize as 


M 


soil,2) 


/ a 

b 

0 

0 \ 


A 

0 

0 

o\ 


/ a' 

b' 

0 

0 \ 


/I 

0 

0 

0\ 

e 

d 

0 

0 


0 

0 

0 

1 


e' 

d' 

0 

0 


0 

0 

0 

1 

0 

0 

d 

— c 


0 

0 

1 

0 


0 

0 

d' 

7 / 

-e' 

_/ 


0 

0 

1 

0 


VO 


(A.9) 


explaining the identification (IA.8|I . 

We also note for completeness that there are two discrete transformations that can 
be appended to the previous description; the Z 2 transformation (t, p) —)• [p, t) that 
exchanges complex and Kahler structures and another Z 2 transformation (t, p) 

(—t, — |0). Both can be intertwined with world-sheet parity 

The group elements of each SL(2, R) factor, which are represented by the 2x2 
matrices 


Mr = 


Mp = 


(A.IO) 


are classified according to their eigenvalues into elliptic, parabolic or hyperbolic ele- 
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merits. Since the eigenvalues of M (it can be either or Mp) satisfy fhe characferisfic 
polynomial equation 

- tr(M)A + 1 = 0, (A.ll) 

we have fhe following fhree disfincf cases: 

• If |fr(M)| < 2, fhe fwo eigenvalues will be complex conjugafe and M is called 
elliptic elemenf. 

• If |fr(M)| = 2, fhe fwo eigenvalues will be real and equal and M is called 
parabolic elemenf. 

• If |fr(M)| > 2, the two eigenvalues will be real and unequal and M is called 
hyperbolic element. 


Elliptic group elements are characterized by the property M” 
integer n, like 



1 for some finife 


(A.12) 


which has = 1, whereas parabolic elemenfs, like 


M = 




(A.13) 


do nof share fhis properly 

In this paper we are only concerned with parabolic group elements M, and, for 
that reason, the corresponding closed string backgrounds associated to fibrations 
over with constant flux are called parabolic. 


B Parabolic backgrounds and monodromies of currents 

In this appendix we give a brief accounf of the toroidal vacua of closed string theory 
with constant fluxes and defermine fhe monodromy properties of fheir currenfs in 
geomefric as well as in non-geomefric faces. 

B.l The parabolic backgrounds with constant flux 

Recall fhaf fhe consfanf flux backgrounds in fhree dimensions come in four differ- 
enf versions, which are relafed fo each ofher by successive T-dualify fransformafions. 
Concrefely, we consider fhe compacfificafion on a fhree-dimensional forus T^, which 
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can be viewed as an = T” fibration over the (3 — n)-dimensional base space B = 
p3-« fQj. 

n = 0, 1, 2, 3. In the following, we consider all four different cases. The start¬ 
ing point, provided by n = 0 , is a flat three-torus parametrized by with pe¬ 
riodic identifications ^ -|- 2nr^, where are the three radii of T^, which are all 

set equal to 1 for convenience. There is also a 3-form H-flux H 3 = H dX^ A dX^ A dX^ 
with constant H. The metric and the corresponding B-field are taken to be 

Gij = dij, B^2 = HX\ Bi 3 = 0 = B23- (B.l) 


The H-flux has to obey a topological quantization condition, which is given, in 
general, by (see, for insfance, ||T |1 


1 

An'^a' 



k, k ^ Z. 


(B.2) 


Since the volume of fhe unit three-torus is {2tc)^, it follows immediafely that the quan¬ 
tization condition for H fakes the following form, in units a' = 1, 


H 


k 


kez. 


(B.3) 


For the discussion of T-dualify transformations as well as for the CFT computation of 
the commutators, we consider the simplest case k = 1. 


The quantization condition (IB.3I) appears to be incompatible with the dilute flux 
approximation used in the definition of Cf Th, buf this is illusive because we have 
normalized the radii of as well as a' fo 1 for nofational convenience. H has unifs 
[L]“^ and if can be made very small for appropriafe choice of radii as can be seen by 
reinsfating the parameters in natural units in which oc' = ij. 


Performing a T-duality transformation on the one-dimensional circle fibre J- = 
with coordinate X^, one obtains the Heisenberg nilmanifold, which is a twisted torus 
without B-field corresponding fo the case n = 1. This background is topologically 
distinct from T^, since if has a differenf homology group. Ifs Levi-Civita coimecfion is 
relafed fo the structure constants of the Heisenberg group, which are the geometric 
fluxes. We also nofe in fhis respecf fhat the flat 3-torus corresponds to Bianchi-I ge¬ 
ometry, whereas the twisted torus to Bianchi-II. The background fields of the twisted 
torus have the following form, setting H = f, 


G 


/ 1 fX^ 0 \ 
/X3 l+(/X3)^ 0 
\ 0 0 1 / 


B = 0. 


(B.4) 
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Performing another T-duality in the X^-direction of the two-dimensional torus fi¬ 
bre T ^ 2 ' obtains the so-called Q-space that corresponds to the case n = 2. 

This background is again a T^-tibration, but the corresponding metric and B-field are 
defined only locally and not globally Setting H = f = Q for notational purposes, G 
and B take the form 


/I 

0 

0 \ 


( ° 

-Qx3 



0 

1 

0 

. B = g{x^) 

Qx3 

0 


■ =- 

VO 

0 



V 0 

0 

o) 

i 


G = g{X^ 


(B.5) 

The Q-space is not a Riemannian manifold because the fibre T is glued with a T- 
duality transformation when transporting it once around the base B and not with a 
standard diffeomorphism. 

The three backgrounds we have discussed so tar take particularly simple form to 
linear order in the fluxes, summarized in the table below 


Backgrounds 

Target space fields 

Torus -1- H-flux 

G = 

0 o\ 

0 10 , B = 

i^O 0 1/ 

/ 0 HX3 0^ 

-HX3 0 0 

\ 0 0 oy 


Twisted torus 

/ 1 /X3 0\ 

G = /X3 1 0 

Vo 0 ij 

+ C>(/2), B = 0 

Non-geom. 

/l 0 0^ 
G = 0 10 

Vo 0 ly 

+ C>(Q2), B = 

/ 0 -QX3 o\ 
QX3 0 0 

Vo 0 Oy 

+ 0{Q^) 


Thus, to linear order, one sees that the Q-flux background looks locally identical to 
the H-flux background, up to a sign flip in the flux. However, these two background 
are not the same globally, since the Q-flux background is glued together utilizing a 
T-duality transformation. 

Finally, one can also consider applying a T-duality transformation to the entire 
three-dimensional torus, which is seen as a tibration with fibre J- = v v over 
a base point corresponding to the case n = 3. This last T-duality looks somewhat 
problematic, since the Xs-direction is no longer a Killing isometry of the background 
and the standard Buscher rules cannot be applied as they stand. Nevertheless, this 
final step can be performed in the context of the underlying CFT by making a sign 
flip in the corresponding coordinate, hereby mimicking the action of T-duality on the 
currents, ending up with a "space" that is left-right asymmetric in all three directions. 
This defines the so called R-space, setting H = f = Q = R for notational purposes. 
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which is non-geometric locally as well as globally. 


B.2 Monodromies of geometric H-flux model 

The monodromies of the original H-flux background are given by shifts of the B-field, 
which act on T and p in the following way under ^ + 271, 

p{X^+ 27 i) = p{X^)-7iH, t(x 3 + 27r) = t(x3) . (B. 6 ) 


This gauge transformation of the B-field corresponds to the 0(2,2) monodromy trans¬ 
formation in the 1 , 2 -directions given by the group elements 


-^ 0 ( 2 , 2 ) 


/I 

0 

0 

tiH\ 

0 

1 

— tzH 

0 

0 

0 

1 

0 

Vo 

0 

0 

1 / 


(B.7) 


which indeed act on the Kahler and complex moduli p and t as above. 

The shift of the base coordinate X^ ^ X^ + 2n induces the following closed string 
boundary condition on the left- and right-moving closed string coordinates X^(z) and 

X|{ 2 ), 

xl = xl (z) - np^, X| = x| (z) - np^, (B. 8 ) 

where p^ = p\ — p\ is the winding number of the closed string in the third direction. 
Then, using the winding shifts of X^ it follows from eq. (l4.61|l that the associated 
closed string boundary conditions of the CFT currents and to linear order in 
the flux are 


J\e-^^^z,e^^^z) 

J\e-^^^z,e^^^z) 

J^{e-^'^z,e^'^z) 

J^{e-^'^z,e^'^z) 

J\e-^'^z,e^'^z) 


j\z,z)-^Hp^j\z,z), 
j\z,z) + ^Hp^j\z,z), 
j\z,z) + ^Hp^j\z,z), 
j\z,z)-^Hp^j\z,z) , 

J^{z,z), 

J\z,z) . 


(B.9) 


Thus, the monodromies of the H-flux background act in a left-right asymmetric way 
on the currents, transforming the currents into the dual currents and vice versa. 


41 






B.3 Monodromies of geometric /-flux model 

Perform a T-duality transformation in the 1-direction we obtain the parabolic /-flux 
background with geometric flux. The corresponding monodromies are given as shifts 
of the complex structure t under ^ + 2tz, 

p{X^+ 2n) = p{X^), T(x3 + 27r) =T(X/-7 r/, (B.IO) 


associated to the 0(2,2) monodromy transformation in the 1, 2-directions with group 
elements 


-^ 0 ( 2 , 2 ) 


A 

-nf 

0 

o\ 

0 

1 

0 

0 

0 

0 

1 

0 

^0 

0 

nf 

V 


(B.ll) 


Since T-duality acts in this case as —)• —J^, the corresponding closed string bound¬ 

ary conditions of the currents take the following form. 


J^{e-^^^z,e^^^z) 


j\z,z)-^fp^j\z,z), 
j/z,z) - ^fp^J^{z,z), 
j2(z,z) + |/p3jl(z,Z-), 
J^{z,z) + ^fp^J^{z,z) , 

J\z,z). 


(B.12) 


Thus, for the /-flux background, the monodromies act in left-right symmetric way on 
the currents, meaning that the currents and the dual currents do not mix with each 
other. 


B.4 Monodromies of non-geometric Q-flux model 

Next, performing another T-duality in the 2-direction brings us to the non-geometric 
background with Q-flux. The monodromy of the torus is now determined by the 
following transformation of p and T under X^ —)■ X^ -|- 2 / 1 , 

P(X^ + 2n)= - t(x3+27i) = t(x3), (B.13) 
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which is an 0(2,2 ) transformation in the 1, 2-directions with group elements 


•^ 0 ( 2 , 2 ) 


/I 0 0 0 \ 

0 10 0 
0 ttQ 1 0 
V-ttQ 0 0 1/ 


(B.14) 


Here, T-duality is performed by flipping the signs and —)• and, 

thus, the closed string boundary conditions of fhe currenfs are taking the form 

= JHz,z)-\qP^JHz,z), 

S\e-^”'z,e^”'z) = j\z,z) + jQp^j^(z,z), 

J\e-^‘’^z,e^‘’^z) = J\z,z) + ^QP'^JHz,z), 

= J^(z,z)-jQp^j\z,z), 

= J^(z,z), 

J^(e-^^^z,e^^^z) = J^{z,z) . (B.15) 


The monodromies are again leff-righf asymmetric, as for the H-flux model. In fact, 
they agree with the monodromies of H-flux background fo linear order in fhe fluxes, 
up fo a minus sign in the flux, as expecfed from fhe previous general discussion. 


B.5 Monodromies of non-geometric R-flux model 

Finally, coming fo fhe R-flux model, the closed string boundary conditions for fhe 
currenfs are defermined by fhe momentum number p 3 and they take the following 
form, 

J\e-^‘’'z,e^‘’'z) = j\z,z)-^Rp3jHz,i}, 
j\e-^"z,^"z) = j\z,z) + ^Rp3jHz,i}, 
jHe-^‘"z,e^‘"z) = jHz,z) + ^Rp3j'(z,z), 

j^(e-^"z,^"z) = jHz,z)-\Rp3j'(z,z), 

J^(e-^^^z,e^^^z) = J^(z,z), 

J^(e-^^^z,e^^^z) = J^(z,z). (B.16) 
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This concludes the description of how the monodromies act on the currents in all 
T-dual faces of the toroidal flux model. Judging from the action on the p and t moduli, 
the corresponding SL(2, R) group elements are parabolic (i.e., of infinite order) using 
the nomenclature of Appendix A. 

Summarizing, the chain of T-duality transformations of the toroidal background 
with constant H-flux, encoded in the diagram 

Hijk a fjK A ^ 7, /, K = 1, ..., 3, (B.17) 

provide the parabolic flux models of closed strings that are in focus in the present 
work. 


C Some relevant dilogarithmic integrals 

In this appendix we collect some useful expressions involving the dilogarithm func¬ 
tion based on series expansions and integral formulae (see, for instance, Il75l ). We also 
evaluate certain commutators used in the main text based on the dilogarithm function. 


C.l Delta-function, step-function and the logarithm 

The delta-function on a circle of unit radius is defined through the infinite series 


Hv) = E 

tnEZ 


(C.l) 


Likewise, the step-function, which is the integral of the delta-function. 




(C.2) 


is represented by the infinite series 


e((p) = --y + 

^ ' TT -m 


n "-fn ^ 


£ 

71 


(C.3) 


so that e{(p) = 1 for cp > 0 (i.e., for a > a'), e{(p) = —1 for cp < 0 (i.e., for a < a') 
and e{cp) = 0 for cp = 0 (i.e., for a = a'). Finally, the logarithm is represented by the 
infinite series 

00 -I 

log(l - e^>) = -y . (C.4) 


m=\ 
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Hence, one obtains the following relation between the logarithm, the step-function 
and the delta-function. 


e{(p) = -^log|l+-, 
n n 

1 / 

— — 'Z I -: h -:— — 1 


(C.5) 


It useful to introduce a regulator e ^ with ^ > 0 when writing infinite series, as in 
the example 

-I 00 

lim -= y e™'?’. (C.6) 

The ^-prescription is implicitly assumed hereafter. 

C.2 The dilogarithm function 

The dilogarithm function follows by integrating the logarithm through the defining 
relation 

log(l-e'‘P) = (C.7) 


leading to the expression 


Li 2 {e'‘^) = —i j d^log(l — 

00 -I 

1^2 


(C.8) 


When these relations are written in terms of the complex variable z = they assume 
the form 

l,2(z) = 

Jo z 


00 -t 

E _J_yni 
1 ^ 2 ^ • 


(C.9) 
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Finally, we define the closely related function Ci 2 {e^^) as follows 


Ci2{e'‘P) = Li2{e'‘P) ^ Li2{e '‘P) =-i 


m2 


(C.IO) 


C.3 Certain dilogarithmic commutators 


We are now in position to evaluate certain commutators that appear in the main text 
and help to establish the non-commutative structure of the non-geometric flux back¬ 
grounds. First consider the following (prototype) commutator 

(i)[X(z), J^dw^]: 

This example is used as prototype for the computation of all other commutators in the 
following. Using the ^-prescription, it assumes the form 


X(2), 


- Km 

2 <5^0+ 


, Xiw) 
dw —^^ 
w 


|z| = |h;| 




W |z| = |h;|-|-J 


J W IzUlzfl—^ 


. (C.ll) 


Choosing z = , w = e~^^' and w = e~^^' and setting (p = a — a' and ^ = a — a’, 

we note that integration takes place over a circular path of unit modulus. Since dw = 
iwd^, the expression above becomes 




, X(w] 
dw- 


w 


|z| = |h;| 


■' \ ^ n 


71 f^P 

2 


1 ■ - 
m 


^ ^ ^inif 


/I U/ -L T-» ± 




(C.12) 


Thus, for cp = 0, we obtain the result 


X(z), 


j X(l5) 
dw —^^ 


w 


\z\ = \w\ 


n 

~6 


(C.13) 
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(ii) [X(z), dwdy)X('w)log'w]: 

Using the ^-prescription, as before, this particular commutator is given by 


X(z), / d'wd^X('w)log'w 


\z\ = \w\ 


= -- lim 
2 


a w I rw 


z — IV 


vlogwui i^l_^ .(C.14) 


Integration by parts bring it into the form of the previous example, noting that the 
boundary contributions arising from partial integration cancel from the two terms of 
the commutator. Thus, we obtain the result 


X(z), / dwdii)X{w) log w 


- lim 
2 




iO |z| = |h;|-|-J 


iv |z| = |h;|—J 




(C.15) 


(iii) [X(z), dwdwX{w) log iu]: 

This example as well as the next one involve non-homomorphic expressions. This 
particular commutator is relevant for computing 0 ll in the main text, whereas its 
complex conjugate expression is relevant one for computing &rr. Since we are always 
integrating over circular paths, we use log 'W = — log w to cast this commutator into 
the form 


/ ■ LV 

dwda)X(w) log^ 

J |z| = |h;| 

_ 1 

^^2 — ZV '^\z\ = \w\+5 ■ 


- lim 

2 < 5^04 


rw ^ 

^^2 — w 




(C.16) 


(iv) [X(z), J dw 




This last example is relevant for computing 0lr and 0ri in the main text. As before. 
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we have 


x(z), 


IV 


|z| = |a;| 


1 lim 

2 


^ , - loe(z — w 
aw- 


W |z| = |ix>|+^ J W |z| = |iX'|—^ 


Since dw = —iwd^, it follows that 
X(z), / dw- 


..X{w) 


w 


|z| = |a;| 


n 

2 


1 . - 
y J_^imcp 

n 


(p 2 
1 + -- - 




(C.17) 


(C.18) 
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